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Abstract: A numerical model is used to simulate the development of a stenosis in the carotid artery where the stenosis 
forms in regions of stagnant flow. The blood flow properties are computed here using the Lattice Boltzmann Method. The 
stenosed geometry is presented and found to be consistent with stenosed artery profiles from the literature. Flow fields are 
also presented which indicate that the flow in the stenosed artery is also consistent with observations form the literature.  
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NOTATION  
 
ei Grid link 
fi (x,t)       Distribution function 
fi(eq) (x,t)  Equilibrium distribution function 
h  Stenosis development  step 
i Lattice label 
N Number of stagnant sites  
SI     Stagnation index 
Ts Number of sites, originally in the blood flow, encroached by the developing stenosis 
T Period 
t Time 
u      Velocity 
wi Weight function 
x  Position  
ρ Density 
Ωi Collision function 
ω     Vorticity 
INTRODUCTION  
 
Atherosclerosis is one of the major causes of ischemic stroke as it can drive the narrowing of the 
blood vessels due to a built-up of plaque [1]. There is a mass of evidence suggesting that 
atherosclerosis develops in regions where the velocity and wall shear stress are low [2-4]. Here we 
consider how the development of the stenosis affects the haemodynamic characteristics of the carotid 
artery. The blood flow is simulated using the Lattice Boltzmann Model (LBM). The LBM is relatively 
novel technique to simulate fluid flow and is based on a mesoscopic kinematic approach. LBM 
simulations have been considered where the blood flow affects a change in the boundary geometry. It 
has been applied [5, 6] for blood clotting, either on a backward facing step or a pre-existing idealized 
stenosis [7]. We simulate the development of the stenosis using a model based on [8], where here the 
stenosis develops in regions of stagnant flow. The sites of maximum stagnation are assumed as the 
most susceptible regions to the development of the stenosis  
 
METHOD 
 
The simulations are performed using the LBM to simulate the blood flow and using a stenosis growth 
model to simulate the development of the stenosis. 
  
 
LBM 
 
In the LBM [9] the particle distributions, fi(𝐱𝐱, t) at point  𝐱𝐱, at time t,  are confined to move 
synchronously on a regular lattice. The distribution functions interact on the lattice in such a way that 
they conserve mass and momentum, and they preserve isotropy and Galilean invariance. The D2Q9 
LBM, used in this study, evolves according to the kinetic equation [9, 10]: 
 fi(𝐱𝐱 + 𝐞𝐞i, t + 1) = fi(𝐱𝐱, t) + Ωi(𝐱𝐱, t) [1] 
 
where i = 0, 1, … , 8 labels the link directions of the underlying grid, given by: 
 
𝐞𝐞0 = (0,0)  
𝐞𝐞i = �cos �π2 (i − 1)� sin�π2 (i − 1)��  for i = 1,2,3,4  [2] 
𝐞𝐞i = √2 �cos �π2 (i − 1) + π4� sin�π2 (i − 1)� + π4� for i = 5,6,7,8,  
 fi is the distribution function for each of the discrete link directions and Ω𝑖𝑖 is the collision operator. 
The fluid density, ρ, and velocity, u, can be calculated from the distribution functions at each node by: 
 
ρ= ∑ fii   and ρu=∑ fii 𝐞𝐞i . [3] 
 
The collision operator, Ω𝑖𝑖  , is given by the Bhatnaghar-Gross-Krook approximation [10], as:  
   
Ω𝑖𝑖 = −1τ �fi(𝐱𝐱, t) − fieq(𝐱𝐱, t)�  [4] 
 
where τ is the relaxation time and fieq(𝐱𝐱, t) is the equilibrium value of the distribution function:  
 fieq(𝐱𝐱, t) = wiρ �1 + 3𝐞𝐞i ∙ 𝐮𝐮 + 92 (𝐞𝐞i ⋅ 𝐮𝐮)2 − 32 𝐮𝐮𝟐𝟐�, [5] 
 
where w0 = 49, w1 = w2 = w3 = w4 = 19 and w5 = w6 = w7 = w8 = 136.  
 
A sub-grid extrapolation boundary scheme [11] is applied at the solid boundaries and the cardiac 
pulse is introduced at the inflow boundary. The form of the pulse is presented in the results section.  
 
Stenosis Growth Model 
 
The development of the stenosis is modelled following [8], where the artery wall is adjusted by a 
small step, set here to be 0.5 of a lattice spacing, each period of motion; at a position determined by 
the local haemodynamic properties. Here the position for the development of the stenosis is selected 
based on the Stagnation Index: 
 
SI = N/T [6] 
 
where T is the period of the cardiac pulse and N is the number of time-steps in a period when the 
near-wall velocity (defined to be the velocity one lattice spacing from the wall) at a given site is less 
than 1% of the average near-wall velocity, over the whole of the wall, a period earlier. The position 
selected, after each period, for the stenosis to develop, is the wall point where SI is maximum. 
  
RESULTS 
 
As observed in [8], the stenosis is formed in layers which are built up on the outer walls of the 
External Carotid Artery (ECA) and the Internal Carotid Artery (ICA). After each layer is completed a 
new layer starts, either on the same artery wall or on the opposite wall. This is shown in Figure 1 at 
times when a switch occurs between the ICA, on the right of the image, and the ECA, shown on the 
left. 
The layers are depicted in terms of Ts which represents the number of grid sites, originally in the 
blood flow region, which have been encroached by the growing stenosis. Ts gives a measure of the 
level of stenosis development. The development occurs on the ECA below the bifurcation, while in 
the ICA the stenosis occurs from slightly below the bifurcation and extends significantly in to the 
ICA. Although the geometry of a stenosis can vary significantly from patient to patient, the profile 
shown in Figure 1 has geometrical similarities to some imaged stenosed arteries [12, 13].  
    
 
Figure 1. The development of the stenosis in layers 
 
 
Flow profiles 
 
The effect of the stenosis growth on the blood flow for a stenosed artery (corresponding to Ts = 754 in 
Figure 1) is shown in Figure 2 for the velocity and Figure 3 for the vorticity, where the stenosed artery 
is shown on the left and the corresponding healthy artery is shown on the right.  The profiles are 
shown at t = 4T/66 (parts a and b) corresponding to the acceleration phase; t = 7T/66 (parts c and d) 
corresponding to approximately the peak velocity; and t = 12T/66 (parts e and f) corresponding to the 
deceleration phase. 
In Figures 2 and 3, the driving pulse and healthy geometry are shown as an insert in each figure, while 
the pulse phase and the stenosed geometry are depicted in the inserts by the red dot and the red 
geometry respectively.  
A higher velocity is observed in both the ICA and the ECA for the stenosed case, relative to the 
healthy artery. This is in agreement with other studies [14, 15] which predicted a high velocity jet at 
the base of the ICA and ECA. Significant vorticity develops in the healthy artery towards the bottom 
of both the ICA and ECA. This can be seen to develop at the peak flow in Figure 3d and fully develop 
during the deceleration phase, Figure 3f. In contrast, the simulation results for the stenosed artery 
(Figure 3 c and e) show that the vortex motion is no longer present in the artery. Figure 1, shows that 
the region where the vortex motion develops in the healthy artery corresponds to the region where the 
stenosis forms. The change in the artery geometry in this region explains this change in the blood 
flow. This is in accordance with earlier observations [15] reported in the literature. 
 
Figure 2a. Stenosed artery velocity field at t=4T/66 
 
Figure 2b. Healthy artery velocity field at t=4T/66 
 
Figure 2c. Stenosed artery velocity field at t=7T/66 
 
Figure 2d. Healthy artery velocity field at t=7T/66 
 
Figure 2e. Stenosed artery velocity field at t=12T/66 
 
Figure 2f. Healthy artery velocity field at t=12T/66 
 
  
Figure 3a. Stenosed artery vorticity field at t=4T/66 
 
Figure 3b. Healthy artery vorticity field at t=4T/66 
 
Figure 3c. Stenosed artery vorticity field at t=7T/66 
 
Figure 3d. Healthy artery vorticity field at t=7T/66 
 
Figure 3e. Stenosis artery vorticity field at t=12T/66 
 
Figure 3f. Healthy artery vorticity field at t=12T/66 
 
  
CONCLUSION 
 
A numerical model for stenosis growth has been considered. The position of the stenosis has been 
simulated here based on regions of flow stagnation. This is based on the observation that regions of 
low velocity have been considered as the prone sites to the atherosclerosis. The stenosis formed on the 
outer wall of both the ICA and the ECA in the region where vortex motion develops in the healthy 
artery. This is consistent with regions where stenosis formation has been observed in the literature.  
The changing flow patterns in the artery with the formed stenosis were shown to be consistent with 
the literature. In particular an increased velocity was observed in both the ICA and the ECA. 
Additionally the vortices which were observed in the healthy artery were no longer present once the 
stenosis had formed. The results suggest that the stagnation model provides a realistic approach to 
simulating stenosis growth. 
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